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Abstract 

A symmetric subset of the reals is one that remains invariant under some 
reflection ihc-i. We consider, for any < e < 1, the largest real number 
A(e) such that every subset of [0, 1] with measure greater than e contains a 
symmetric subset with measure A(e). In this paper we establish upper and 
lower bounds for A(e) of the same order of magnitude: for example, we prove 
that A(e) = 2e - 1 for ±| < e < 1 and that 0.59e 2 < A(e) < 0.8e 2 for 
0<e<il. 

This continuous problem is intimately connected with a corresponding dis- 
crete problem. A set S of integers is called a B* [g] set if for any given m there 
are at most g ordered pairs (s±, s%) G S x S with s\ + S2 = m; in the case g = 2, 
these are better known as Sidon sets. Our lower bound on A(e) implies that 
every B*[g] set contained in {1, 2, ... , n} has cardinality less than 1.30036y / gra. 
This improves a result of Green for g > 30. Conversely, we use a probabilistic 
construction of B*[g] sets to establish an upper bound on A(e) for small e. 
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1 Introduction 

A set C C R is symmetric if there exists a number c (the center of C) such that 
c + x G C if and only ii c — x E C . Given a set A C [0, 1) of positive measure, is 
there necessarily a symmetric subset C C A of positive measure? The main topic of 
this paper is to determine how large, in terms of the Lebesgue measure of A, one may 
take the symmetric set C. In other words, for each e > we are interested in 

every measurable subset of [0, 1) with measure el , , 
contains a symmetric subset with measure i J' 

It is not immediately obvious, although it turns out to be true, that A(e) > 0. 

We have dubbed this sort of question "continuous Ramsey theory" , and we direct 
the reader to later in this section for problems with a similar flavor; some of these 
have appeared in the literature and some are given here for the first time. 

We determine a lower bound for A(e) using tools and methods from harmonic 
analysis, some of which were spurred by ideas from nonstandard analysis and the 
theory of wavelets. We also construct sets without large symmetric subsets using 
results from probabilistic number theory. These two lines of attack complement each 
other, and our bounds on A(e) yield new results in additive number theory as well. 

The following theorem, proved in Sections 12.11 and 13.41 states some fundamental 
properties of the function A(e). 



A( 



sup 



2 



Theorem 1.1. The function A(e) is continuous and, in fact, satisfies the Lipschitz 
condition 

\A(x) - A(y)\ < 2\x - y\ 
for all x, y E (0, 1]. Furthermore, the function is increasing on (0, 1], and hence 



lim e ^ + exists. 

We turn now to stating our quantitative bounds for A(e). The lower bound 
A(e) > \s 2 , which we call the trivial lower bound on A(e) (see Lemma \2. 21 below) . is 
not so far from the best we can derive. In fact, the bulk of this paper is devoted to 
improving the constant in this lower bound from | to 0.591389. Moreover, we are able 
to establish a complementary upper bound for A(e) using results on an analogous 
problem in combinatorial number theory. 

Figure ^ shows the precise upper and lower bounds we obtain for A(e)/e 2 as 
functions of e, which we present as Theorem 11.21 

Theorem 1.2. We have: 

i. A(e) = 2e - 1 for ff < e < I, and A(e) > 2e - 1 for \ < e < §; 

ii. A(e) > 0.591389£ 2 for all < e < 1; 

Hi. A(e) > 0.5546e 2 + 0.088079£ 3 for all < e < 1; 

iv. A(e) < ^e 2 < 0.79339£ 2 for < e < 

v. A(e) < (1+ ^ )2 = \e 2 + 0(e 3 ) forall0<e<l. 

Note that | < 0.7854. The upper bound in part (v) of the theorem is superior 
to the one in part (iv) in the range < e < ||(8-\/67r — 1 l7r) = 0.0201. The five 
parts of the theorem are proved separately in Proposition 13.101 Proposition 12.151 
Proposition 12.181 Corollary 13.131 and Proposition 13.141 respectively. 

Perhaps surprisingly, the upper bounds given in Theorem ll.2n vWv) are derived 
from number-theoretic considerations. A set S of integers is called a B*[g] set if for 
any given m there are at most g ordered pairs (s\, S2) G S x S with si + S2 = m. 
We shall use constructions of large B*[g\ sets to derive upper bounds on A(e) in 
Section l3~4l Conversely, our bounds on A{e) improve the best known upper bounds 
on the size of B*[g] sets for large 3, as we show in |Martin and U'Bryant| . See the 
article O' Bryant 20 04 of the second author for a survey of B*[g] sets. 



We note that the difficulty of determining A(e) is in stark contrast to the anal- 
ogous problem where we consider subsets of the circle T := R/Z instead of subsets 
of the interval [0,1]. In this analogous setting, we completely determine the corre- 
sponding function A T (e); in fact, we show ( Corollary 13. 7|) that A T (e) = e 2 for all 
< e < 1. As it turns out, the methods that allow the proof of the upper bound 
At(s) < £ 2 , namely constructions of large B*[g] sets in Z/iVZ, are also helpful to us 
in constructing the large B* [g] sets themselves. 
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Figure 1: Upper and Lower Bounds for A(e)/e 2 
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Schinzel and Schmidt |Schinzel and Schmidt 2002j consider the problem of bound- 

R ll/*/lli 

B '■= SU PTT? 77]— , 

where the supremum is taken over all nonnegative functions supported on [0, 1]; they 
showed that 4/tt < B < 1.7373. The proof of Theorem ll.2f ii) improves the value 
1.7373 to 1.691. 

We remark briefly on the phrase "continuous Ramsey theory" . A "coloring theo- 
rem" has the form: 

Given some fundamental set R colored with a finite number of colors, 
there exists a highly structured monochromatic subset, provided that R 
is sufficiently large. 

The prototypical example is Ramsey's Theorem itself: however one colors the edges 
of the complete graph K n with r colors, there is a monochromatic complete subgraph 
on t vertices, provided that n is sufficiently large in terms of r and t. Another example 
is van der Waerden's Theorem: however one colors the integers {1,2, ... ,n} with r 
colors, there is a monochromatic arithmetic progression with t terms, provided that 
n is sufficiently large in terms of r and t. 

In many cases, the coloring aspect of a Ramsey-type theorem is a ruse and one 
may prove a stronger statement with the form: 

Given some fundamental set R, any large subset of R contains a highly 
structured subset, provided that R itself is sufficiently large. 
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Such a result is called a "density theorem." For example, van der Waerden's Theorem 
is a special case of the density theorem of Szemeredi: Every subset of {1,2, . . . ,n} 
with cardinality at least 6n contains a i-term arithmetic progression, provided that 
n is sufficiently large in terms of 5 and t. 

Ramsey theory is the study of such theorems on different types of structures. 
By "continuous Ramsey theory" we refer to Ramsey-type problems on continuous 
measure spaces. In particular, this paper is concerned with a density-Ramsey problem 
on the structure [0, 1)CR with Lebesgue measure. The type of substructure we focus 
on is a symmetric subset. 

Other appearances o f continuous Ramsey theory in the literature are in the work 



of |Swierczkowski 1958| (see also |Guy 19941 problem C17]), jBanakh et aT~2 000j. 



jSchinzel and Schmidt 2002] . and |Chung et al. 2000| . In all cases, there is an anal- 
ogous discrete Ramsey theory problem. However, see |Chung et al. 2000] for an in- 
teresting example where the quantities involved in the discrete setting do not tend in 
the limit to the analogous quantity in the continuous setting. 



2 Lower Bounds for A(e) 

We give easy lower bounds for A(e) and prove that A(e) is continuous in Section IXT1 
Section I2~21 below makes explicit the connection between A(e) and harmonic analysis. 
Section I2~31 gives a simple, but quite good, lower bound on A(e). In Section |23J 
we give a more general form of the argument of Section 12.31 Using an analytic 
inequality established in Section 12.51 we investigate in Section 12.61 the connection 
between ||/ * /||oo and the Fourier coefficients of /, which, when combined with the 
results of Section EI3 allows us to show that A(e) > 0.591389£: 2 . The bound given 
in Section 12.31 and improved in Section 12.61 depends on a kernel function with certain 
properties; in Section 12.71 we discuss how we chose our kernel. In Section 12.81 we use 
a different approach to derive a lower bound on A(e) which is superior for | < e < |. 



2.1 Easy Bounds for A(e) 

We now turn our attention to the investigation of the function A(e) defined in Eq. (J3J). 
In this section we establish several simple lemmas describing basic properties of A. 

Let A denote Lebesgue measure on R. We find the following equivalent definition 
of A(e) easier to work with than the definition given in Eq. if we define 

D(A) := sup{A(C) : C C A, C is symmetric}, (2) 

then 

A(e) := inf {D{A) : A C [0, 1), \{A) = e}. (3) 
Lemma 2.1. A(e) > 2e - 1 for all 1/2 < e < 1. 

Proof. For A C [0, 1), the centrally symmetric set A D (1 — A) has measure equal to 
A (A) + A(l - A) - X(A U (1 - A)) = 2X(A) - X(A U (1 - A)) > 2X(A) - 1. 
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Therefore D(A) > 2X(A) — 1 from the definition of the function D. Taking the 
infimum over all subsets A of [0, 1) with measure e, this becomes A(e) > 2e — 1 as 
claimed. ■ 

While this bound may seem obvious, it is in many situations the state of the art. 
As we show in Proposition 13.101 below. A(e) actually equals 2s — 1 for ^ < e < 1; 
and A(e) > 2e — 1 is the best lower bound of which we are aware in the range 
0.61522 < e < ±± = 0.6875. 

— 16 

One is tempted to try to sharpen the bound A(e) > 2e — 1 by considering the 
symmetric subsets with center 1/3, 1/2, or 2/3, for example, instead of merely 1/2. 
Unfortunately, it can be shown that given any £ >\ and any finite set {c\, C2, . . . , c n }, 
one can construct a sequence Sk of sets, each with measure e, that satisfies 



lim max {A (S k H (2a - S k ))} ) =2e-l. 

k^oo \ l<i<n J 

Thus, no improvement is possible with this sort of argument. 

Lemma 2.2 (Trivial Lower Bound). A(e) > \e 2 for all < e < 1. 

Proof. Given a subset A of [0, 1) of measure e, let A(x) denote the indicator function 
of A, so that the integral of A(x) over the interval [0, 1) equals e. If we define 
f(c) := Jq 1 A(x)A(2c — x) dx, then f(c) is the measure of the largest symmetric subset 
of A with center c, and we seek to maximize /(c). But / is clearly supported on [0, 1), 
and so 

D(A) = max f(c) > [ f{c)dc= [ [ A(x)A(2c - x) dcdx 

Jo Jo Jo 

1 / [ 2 ~ x dw\ 1 f 1 f 1 

A(x)iJ A(w)—jdx = ~J A(x)dx J A(w)dw = \e 2 , 

since A(w) is supported on [0, 1] C [—x, 2 — x\. Since A was an arbitrary subset of 
[0, 1) of measure e, we have shown that A(e) > \e 2 . ■ 

It is obvious from the definition of A that A(e) is an increasing function; the 
next lemma shows that is also an increasing function. Later in this paper (see 
Proposition 13 . 1 lj) . we will show that in fact even is an increasing function. 

Lemma 2.3. A(e) < e for all < e < x < 1. In particular, A(e) < e. 

Proof. If tA := {ta: a G A} is a scaled copy of a set A, then clearly D(tA) = tD(A). 
Applying this with any set A C [0, 1) of measure x and with t — - < 1, we see 
that -A is a subset of [0, 1) with measure e, and so by the definition of A we have 
A(e) < D(^A) = -D(A). Taking the infimum over all sets A C [0, 1) of measure x, 
we conclude that A(e) < -A(x). The second assertion of the lemma follows from the 
first assertion with the trivial value A(l) = 1. ■ 
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Let 

S © T := (S \ T) U (T \ S) 

denote the symmetric difference of S and T. (While this operation is more commonly 
denoted with a triangle rather than with a ©, we would rather avoid any potential 
confusion with the function A featured prominently in this paper.) 

Lemma 2.4. If S andT are two sets of real numbers, then \D(S) —D(T)\ < 2X(S © 
T). 

Proof. Let E be any symmetric subset of S, and let c be the center of E, so that 
E = 2c — E. Define F = E D T H (2c — T), which is a symmetric subset of T with 
center c. We can write X(F) using the inclusion-exclusion formula 

X(F) = X(E) + A(T) + A(2c - T) 

- A(£ U T) — A(£ U (2c - T)) - A(T U (2c - T)) + X(E U T U (2c - T)). 

Rearranging terms, and noting that T U (2c - T) C ]? U T U (2c — T), we see that 

A(£) - X(F) < -A(T) - A(2c - T) + A(E U T) + A(E U (2c - T)). 

Because reflecting a set in the point c does not change its measure, this is the same 
as 

X(E) - X(F) < -A(T) - A(T) + X(E U T) + X(E U (2c - T)) 
= — A(T) - A(T) + X(E U T) + A((2c -B)uT) 
= 2(A(£UT) - A(T)) 

< 2(X(S U T) — A(T)) = 2A(5 \ T) < 2A(S © T). 

Therefore, since F is a symmetric subset of T, 

A(£) < X(F) + 2A(S © T) < D(T) + 2X{S © T). 

Taking the supremum over all symmetric subsets E of S, we conclude that D(S) < 
-D(T) + 2A(5 © T). If we now exchange the roles of S and T, we see that the proof 
is complete. ■ 

Lemma 2.5. The function A satisfies the Lipschitz condition \A(x)—A(y)\ < 2\x—y\ 
for all x and y in [0, 1]. In particular, A is continuous. 

Proof. Without loss of generality assume y < x. In light of the monotonicity A(y) < 
A(x), it suffices to show that A(y) > A(x) — 2(x — y). Let S C [0, 1) have measure 
y. Choose any set R C [0, 1) \ S with measure x — y, and set T = S U R. Then 
S © T = R, and so by Lemma EH D(T) - D(S) < 2X(R) = 2(x - y). Therefore 
D(S) > D(T) — 2[x — y) > A{x)—2{x — y) by the definition of A. Taking the infimum 
over all sets S C [0, 1) of measure y yields A(y) > A(x) — 2{x — y) as desired. ■ 
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2.2 Notation 



There are many ways to define the basic objects of Fourier analysis; we follow 
|Folland 1984j . Unless specifically noted otherwise, all integrals are over the circle 
group T := K/Z; for example, L 1 denotes the class of functions / for which J... |/(x)| dx 
is finite. For each integer j, we define f(j) := J f(x)e~ 2m: > x dx, so that for any func- 
tion / G L 1 , we have f(x) = Y^jL-oo fU) e2 ™ JX almost everywhere. We define the 
convolution / * g(c) := J f(x)g(c — x) dx, and we note that / * g(j) = f(j)g(j) for 

every integer j; in particular, f * f(j) — f(j) 2 - 
We define the usual L p norms 



u\m\*dx) 



i/p 



and 

ll/IU := lim ||/|| p = sup {y: \({x: \f(x)\ > y}) > 0}. 

With these definitions, Holder's Inequality is valid: if p and q are conjugate expo- 
nents—that is, i + - q = 1— then < ||/|| p ||p|| g . We also note that ||/ * g\\ t = 
|| /|| i|| g ||i when / and g are nonnegative functions; in particular, ||/ * /||i = ||/||i = 
/(0) 2 . We shall also employ the £ p norms for bi-infinite sequences: if a = {a^j^z-, 

then ||a|| p := ( X^jez l a il P ) anc ^ ll a ll°o := li m p^oo = sup jeZ 1% | . Although 
we use the same notation for the L p and l v norms, no confusion should arise, as the 
object inside the norm symbol will either be a function on T or its sequence of Fourier 
coefficients. With this notation, we recall Parseval's identity 



f(x)g(x)dx = ^2f(j)g(- 



-3 



(assuming the integral and sum both converge); in particular, if / = g is real- valued 
(so that f(—j) is the conjugate of f(J) for all j), this becomes ||/|| 2 = H/lh- The 
Hausdorff- Young inequality, < ||/|| p whenever p and q are conjugate exponents 
with l<p<2<q< oo, can be thought of as a generalization of this latter version 
of Parseval's identity. We also require the definition 

\ Vp 

j\>m ) 

for any sequence a = {aj}j^z, so that o|| a l|p = IMIp; f° r example. 

We note that for any fixed sequence a = {aj}j € z, the £ p -norm ||a|| p is a decreasing 
function of p. To see this, suppose that 1 < p < q < oo and a G £ p . Then \a,j\ < \\a\\ p 
for all j G Z, whence |aj-| 9-p < || a llp _p (since q — p > 0) and so | o.^- 1 ^ < ||a||p _p |aj| p . 
Summing both sides over all j G Z yields ||a||^ < ||a|| p ^ p ||a||p = and taking qth 

roots gives the desired inequality ||a|| 9 < ||a|| p . 

Finally, we define a "pdf", short for "probability density function", to be a non- 
negative function in L 2 whose L 1 -norm (which is necessarily finite, since T is a finite 
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measure space) equals 1. Also, we single out a special type of pdf called an "nif", 
short for "normalized indicator function" , which is a pdf that only takes one nonzero 
value, that value necessarily being the reciprocal of the measure of the support of the 
function. (We exclude the possibility that an nif takes the value almost everywhere.) 
Specifically, we define for each £CT the nif 



f E (x) 



U(E)- 1 xeE, 
[0 x^E. 



Note that if / is a pdf, then 1 = /(0) = /(O) 2 = ||/|| 2 = ||/ * f\\ x . 

We are now ready to reformulate the function A(e) in terms of this notation. 

Lemma 2.6. We have 

\e 2 mi g \\g* gW^ < \e 2 inf/ ||/ * f]^ = A(e), 

the first infimum being taken over all pdfs g that are supported on [— |, |], and the 
second infimum being taken over all nifs f whose support is a subset of [— |, |] of 

e 



measure 2 . 



Proof. The inequality is trivial, since every nif is a pdf; it remains to prove the 
equality. 

For each measurable A C [0, 1), define E A := {\(a - \): a G A} C [-±, ±]. The 
sets A and Ea differ only by translation and scaling, so that \(A) = 2\(Ea) and 
D(A) = 2D{E A ). Thus 

A(e) := M{D(A) : A C [0, 1), X(A) = e} 

= £2inf {w :j4 - [ °' 1),A(A)=£ 
= £2inf {(2W : ^ [M) ' A(A)=£ 



For each E C [— |, |] with A(£') = |, the function /e(x) is an nif supported on 
a subset of [— |, |] with measure |, and it is clear that every such nif arises from 
some set E. Thus, it remains only to show that ^{E) 2 = Wf E * f E \\°°i i- e -> 
D{E) = \{EY\\f E *f E \\ 00 . 

Fix E C [— |, i], and let E{x) be the indicator function of E. Note that /^(x) = 
\(E)~ 1 E(x). The maximal symmetric subset of -E with center c is £ n (2c — E), and 
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this has measure J E(x)E(2c — x) dx. Thus 

D(E) := sup{A(C) : C C E, C is symmetric} 

= sup E(x)E{2c — x) dx 



sup H \{E)f E {x)\{E)f E {2c - x) dx 
\(E) 2 sup ^ f E (x)f E (2c - x) dx 



\(E) 2 supf E *f E (2c) 

c 

A(-E) 2 \\/e * /slloo , 



as desired. 



The convolution in Lemma f2.6l mav be taken over M or over T, the two settings 
being equivalent since / */ is supported on an interval of length 1. In fact, the reason 
we scale / to be supported on an interval of length 1/2 is so that we may replace 
convolution over M., which is the natural place to study A(e), with convolution over 
T, which is the natural place to do harmonic analysis. 

2.3 The Basic Argument 

We begin the process of improving upon the trivial lower bound for A(e) by stating 
a simple version of our method that illustrates the ideas and techniques involved. 

Proposition 2.7. Let K be any continuous function on T satisfying K(x) > 1 when 
x G [— 4, 4], and let f be a pdf supported on [—4,4]. Then 

ll/*/l|oo>||/*/||^>||^|l4 / 4 3- 

Proof. We have 

1 = ! fix) dx< I f(x)K(x) dx = J2 fU)K(-j) 
J J j 

by Parseval's identity. Holder's Inequality now gives 1 < ||/||4||i^|| 4 /3, which we 
restate as the inequality ||^"||7^ < ||/||f- 

Now ll/lll = J2j \fU)\ 4 = Ei \f^JU)\ 2 = 11/ * /III by another application of 
Parseval's identity. Since (/ * f) 2 < \\S * S\\oo(S * f)i integration yields ||/ * /||| < 
11/ * /||oo||/ * /||i = ||/ * Z||oo- Combining the last three sentences, we see that 
||iq 4 7 4 3 < 11/11! = 11/ * /III < 11/ * /Hoc as claimed. ■ 

This reasonably simple theorem already allows us to give a nontrivial lower bound 
for A(e). The step function 



KAx) 



0<N<|, 

2tt^ 1 < I I < 1 

4 +2 4C(|) a (5+24/3_ 2 8/3) 4 ^ - 2' 
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Figure 2: The function K%(x) 



. 5 



X 



has Ilif'ilL/t = 1+—, z 4-3 — > 1-074 (the elaborate constant used in the definition 

II ill 4/3 8 (24/3_i) 3 C (|) 3 V 

of K\ was chosen to minimize H4/3) . A careful reader may complain that K\ 
is not continuous. The continuity condition is not essential, however, as we may 
approximate K\ by a continuous function L with ||L|| 4 /3 arbitrarily close to ||i^i||4/ 3 . 
Green |Green 200 1] used a discretization of the kernel function 



K 2 (x) :-- 



0<N<|, 

a + a (40(2x - l) 4 - § ) \ < \x\ < ~, 



with a suitably chosen a to get H.K2II4/3 > f > 1.142. We get a slightly larger 

value of H-R'llLg in the following corollary with a much more complicated kernel. See 
Section 12.71 for a discussion of how we came to find our kernel. 

Corollary 2.8. If f is a pdf supported on [—j, 7], then 

||/ »/||jj> 1.14915. 
Consequently, A(e) > 0.574575e: 2 for all < e < 1. 
Proof. Set 



1 



K«(x) 



0.6644 + 0.3356 Utan 



l-2x 



1.2015 



o<N<|, 



4 — H — T 



(5) 



K 3 (x) is pictured in Figure |21 

We do not know how to rigorously bound H-K3II4/3, but we can rigorously bound 
H-K4II4/3 where is a piecewise linear function 'close' to K3. Specifically, let K±(x) 
be the even piecewise linear function with corners at 



(0,1), ( 1 



1 



t 



4 4 x 10 4 



t 



4 x 10 4 



(t 



0, 1, ... , 10 4 
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We calculate (using Proposition 12.161 below) that H-K4II4/3 < 0.9658413. Therefore, 
by Proposition 12.71 we have 

11/ * /H2 > (0.9658413)~ 4 > 1.14915. 

Using Lemma 12. 6[ we now have A(e) > \e 2 {l. 14915) > 0.574575e 2 . ■ 

The constants in the definition (jSJ) of K^{x) were numerically optimized to min- 
imize H.K4II4/3 and otherwise have no special significance. The definition of K^(x) 
is certainly not obvious, and there are much simpler kernels that do give nontrivial 
bounds. In Section 12771 below, we indicate the experiments that led to our choice. 

We note that the function 

b(x) := ( 7^ -1/4 < x < 1/4, 
] otherwise, 

has Jb = 1 and ||6 * < 1.14939. Although b is not a pdf (it is not in L 2 ), it 
provides strong evidence that the bound on || / * / ||| given in Corollary 12.81 is not far 
from best possible. 

This bound on H/*/]] 2 may be nearly correct, but the resulting bound on ||/*/||oo 
is not: we prove below that ||/ * f\\oo > 1.182778, and believe that ||/ * f\\oo > n/2. 
We have tried to improve the argument given in Proposition 12 . 71 in the following four 

ways: 

1. Instead of considering the sum £\ f(j)K(—j) as a whole, we separate the cen- 
tral terms from the tails and establish inequalities that depend upon the two 
in distinct ways. This generalized form of the above argument is expounded in 
the next section. The success of this generalization relies on certain inequalities 
restricting the possible values of these central coefficients; establishing these 
restrictions is the goal of Sections 12.51 and 12.61 The final lower bound derived 
from these methods is given in Section 12.61 

2. We have searched for more advantageous kernel functions K{x) for which we 
can compute ||JC|| 4 / 3 in an accurate way. A detailed discussion of our search for 
the best kernel functions is in Section |2~7I 

3. The application of Parseval's identity can be replaced with the Hausdorff- Young 
inequality, which leads to the conclusion ||/ * fW^ > \\K\\~ g , where p < ~ and 
q > 4 are conjugate exponents. Numerically, the values (p,q) = (1,4) appear 
to be optimal. However, Beckner's sharpening |Beckner 1975] of the Hausdorff- 
Young inequality leads to the stronger conclusion ||/*/||oo > C(q) \\K\\~ q where 
C(q) = |(1 — ^)^ 2_1 = ^ + 0(1). We have not experimented to see whether 
a larger lower bound can be obtained from this stronger inequality by taking 
q > 4. 

4. Notice that we used the inequality \\g\\l < ||<7||oo||<7||i with the function g = f*f. 
This inequality is sharp exactly when the function g takes only one nonzero 
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value (i.e., when g is a nif), but the convolution / * / never behaves that way. 
Perhaps for these autoconvolutions, an analogous inequality with a stronger 
constant than 1 could be established. Unfortunately, we have not been able to 
realize any success with this idea, although we believe Conjecture 12.91 below. If 
true, the conjecture implies the bound A(e) > 0.651e 2 . 

Conjecture 2.9. If f is a pdf supported on [—j, j], then 



\\f*f\\ 



oo 



> 



7T 



||/* /HI " log 16' 

with equality only if either f(x) or f(—x) equals J on the interval \x\ < |. 

We remark that Proposition 12.71 can be extended from a twofold convolution in 
one dimension to an /i-fold convolution in d dimensions. 

Pd 



Proposition 2.10. Let K be any continuous function on T satisfying K(x) > 1 
when x G [— ^} d , and let f be a pdf supported on [— ^, ^} d . Then 



unu > \\r h \\l > \\KU\ 2h _ iy 

Every subset of [0, l] d with measure e contains a symmetric subset with measure 
(0.5745 7h) d e 2 . 

Proof. The proof proceeds as above, with the conjugate exponents (^frr? 2/i) in place 
of (|, 4), and the kernel function K(xi, X2, ■ ■ ■ , Xd) = K(x\)K(x2) ■ ■ • K(xd) in place 
of the kernel function K (x) defined in the proof of Corollary 12. 81 The second assertion 
of the proposition follows on taking h = 2. ■ 



2.4 The Main Bound 

We now present a more subtle version of Proposition 12.71 Recall that the notation 
n||a||p wa s defined in Eq. (JU). We also use Jiz to denote the real part of the complex 
number z. 

Proposition 2.11. Let m > 1. Suppose that f is a pdf supported on [— |, |] and that 
K is even, continuous, satisfies K(x) = 1 for — \ < x < \, and m ||-ft'||4/3 > 0. Set 
M := 1 - K(Q) - 2 Y™=i K(j)W(j). Then 

11/ * /111 = E l^')i 4 ^ 1 + -ir^r- + 2 E l»/0")l 4 - (6) 

jeZ V TO ||^||4/3/ j= i 

Proof. The equality follows from Parseval's formula 

ii/*/iihEi^wi 2 = Ei^')i 4 - 
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As in the proof of Proposition 12.71 we have 

1 = J f(x)K(x)dx = J2fU)K(-j) = fU)K(-j) + £ fU)K(-j). 



\j\<m \j\>m 



Since K is even, K(—j) = K(j) is real, and since / is real valued, f(—j) = f(j)- We 
have 

m— 1 

i = k(o) + 2 £ K(mf'U) + £ /OK(i), 

i=l |j|>m 

which we can also write as M = 5^ui> m fU)K{j)- Taking absolute values and apply- 
ing Holder's inequality, we have 

\M\ < £ \f(j)K(j)\ 

\j\>m 

< Ei/0)i 4 Ei^)i 4/3 

\\j\>m J \\j\>m 

v 1/4 

Jil> m 

which we recast in the form 

E \m\' * (^- 

|j|> m \m\\^U/3 

We add E|j|<m l/0')| 4 to both sides and observe that /(0) = 1 and |/(j)| > 

to finish the proof of the inequality. ■ 

With Xj := dtf(j), the bound of Proposition 12. 1 ll becomes 

\m— 1 {/■( -\„ \ 4 m— 1 



l-A'(0)-2ES 1 ^0>i 



m||-^|U/3 7 j = i 

This is a quartic polynomial in the Xj, and consequently it is not difficult to minimize, 
giving an absolute lower bound on ||/ * /|||. This minimum occurs at 

(£(j))V 3 (i-^(Q)-2Eg^ 

ill-"- 1 1 4/3 

where (i^(j)) 1 / 3 is the real cube root of K(j). A substitution and simplification of 
the resulting expression then yields 

min f + / ll #HE £ ^fey - l = i < 

^ eR l V m||^||4/3 / °\ V 
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which is nothing more than the bound that Proposition 12.111 gives with m = 1. 
Moreover, 

1+ ( 1 ~^ (0) ) = sup ||(a + (l-a)^) A || 4 7 4 3 , 

V lll^lU/3 / 0<q<1 

(the details of this calculation are given in Section 12. 7|) so that Proposition 12.111 by 
itself, does not give a different bound on || / * /||| than Proposition 12.71 

However, we shall obtain additional information on f(j) in terms of ||/ * / ||oo hi 
Section 12.61 below, and this information can be combined with Proposition 12.111 to 
provide a stronger lower bound on ||/ * / ||oo than that given by Proposition 12.71 

Corollary 2.12. Let f be a pdf supported on [—j, j], and set X\ := 3?/(l). Then 

11/ * f\\\ > l^')| 4 - 1 + 2x * + (1-53890149 - 2.26425375X0 4 . 

jez 

Proof. Set 



K 5 (x) 



i M < i 



1 _ (1 _ (4(| _ x ))1.61707 ) 0.546335 1 < | x | < I. 

Denote by K e (x) the even piecewise linear function with corners at 

(0, 1), (i TTTTnZ' K 5 (\ + ) (t = 1, . . . , 10 4 ). 



4' y ' V.4 4 x io 4 ' V 4 4 x io 4 . 

We find (using Proposition EHE)) that K 6 (0) = 0.631932628, K 6 (l) = 0.270776892, 

and 2 ||#6||4/3 = 0.239175395. Apply Proposition |2HU with m = 2 to finish the 

proof. ■ 



2.5 Some Useful Inequalities 

Hardy, Littlewood, and Polya Ha rdy et al. 1988] call a function u(x) symmetric de- 
creasing if u(x) = u(—x) and u(x) > u(y) for all < x < y, and they call 

f dr (x) :=M{y.X({t: f(t)>y})<2\x\} 

the symmetric decreasing rearrangement of /. For example, if / is the indicator 
function of a set with measure fi, then / sdr is simply the indicator function of the 
interval (— f , Another example is any function / defined on an interval [—a, a] 
and is periodic with period — , where n is a positive integer, and that is symmetric 
decreasing on the subinterval [— ^,-]; then / sdr (x) = /(-) for all x G [—a, a]. In 
particular, on the interval [— |, |], we have cos sdr (27rjx) = cos(27r:r) for any nonzero 
integer j. We shall need the following result |Hardy et~al . 1988, Theorem 378]: 

J f{x)u{x)dx< J f sAr {x)u sAr {x)dx. 
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We say that / is more focused than f (and / is less focused than /) if for all 
z G [0, |] and all r G T we have 

r+z pz 

f< /■ 

— z J —z 

For example, / sdr is more focused than /. In fact, we introduce this terminology 
because it refines the notion of symmetric decreasing rearrangement in a way that 
is useful for us. To give another example, if / is a nonnegative function, set / to 
be H/ 1 |oo times the indicator function of the interval [~ 2 ||/|| > wj\\ ]'■> t nen / is more 
focused than /. 

Lemma 2.13. Let u(x) be a symmetric decreasing function, and let h, h be pdfs with 
h more focused than h. Then for all r G T, 

h(x - r)u(x) dx< J h(x)u(x) dx. 

Proof. Without loss of generality we may assume that r = 0, since if h(x) is more 
focused than h(x), then it is also more focused than h(x — r). Also, without loss of 
generality we may assume that h, h are continuous and strictly positive on T, since 
any nonnegative function in L 1 can be /^-approximated by such. 

Define H(z) = f* g h(t) dt and H(z) = f" g h(t) dt, so that H{\) = H{\) = 1, and 
note that the more-focused hypothesis implies that H(z) < H{z) for all z G [0, |]. 
Now h is continuous and strictly positive, which implies that H is differentiable and 
strictly increasing on [0, |] since H'(z) = h(z) + h(—z). Therefore H~ l exists as a 
function from [0, 1] to [0, |]. Similar comments hold for H~ x . 

Since H < H, we see that H~ 1 (s) < H~ 1 (s) for all s G [0, 1]. Then, since 
and if _1 (s) are positive and u is decreasing for positive arguments, we conclude that 
u(H-\s)) < u(H-\s)), and so 

/ u(H-\s))ds< [ u(H-\s))ds. (7) 
Jo Jo 

On the other hand, making the change of variables s = H(t), we see that 

r H-\l) yl/2 p 

u(H~\s))ds= u(t)H\t)dt= u(t)(h(t) + h(-t)) dt = u(t)h(t) dt 

Jo Jo Jf 

since u is symmetric. Similarly ds = J T u(t)h(t) dt, and so inequality 

(J2J) becomes J u{t)h{t)dt < J u{t)h{t) dt as desired. ■ 

2.6 The Full Bound 

To use Proposition 12.111 to bound A(e), we need to develop a better understanding 
of the central Fourier coefficients f(j) for small j. In particular, we wish to apply 
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Proposition ^, lll with m = 2, i.e., we need to develop the connections between ||/*/||oo 
and the real part of the Fourier coefficient /(l). 

We turn now to bounding \f(j)\ in terms of ||/ * fW^. The guiding principle is 
that if / * / is very concentrated then ||/ * fW^ will be large, and if / * / is not 
very concentrated then \f{j)\ will be small. Green |Green 20011 Lemma 26] proves 
the following lemma in a discrete setting, but since we need a continuous version we 
include a complete proof. 

Lemma 2.14. Let f be a pdf supported on [—j, j]- For j ^ ; 

Proof. Let fx : T — > K be defined by fi(x) := f(x — Xq), with xq chosen so that f\(j) 
is real and positive (clearly = \f(j)\ and ||/*/||oc = ||/i * fi IU)- Set ft,(rr) to be 
the symmetric decreasing rearrangement of /i * /x, and h(x) := ||/ * fW^I^x), where 
I(x) is the indicator function of \— nnf K n , n » f K„ 1. We have 



l/(j)| 2 = AO') 2 = /i * hU) = J h * h( x ) cos(2vrjx) dx < \ h(x) cos(2ttx) dx 
by the inequality (|2.5jl . We now apply Lemma f2. 131 to find 

I/O') I 2 < / ^(x) cos(2vrx) rfx 



7T 



V(2||/*/|U) ||/*/||oo 

11/ * /IU cos(2ttx) dx = — sin 

-i/(2||/*/||oo) 71 VII/* /II 



With this technical result in hand, we can finally establish the lower bound on 
A(e) given in Theorem II .2f ii). 

Proposition 2.15. A(e) > 0.591389£ 2 for all < e < 1. 

This gist of the proof of Proposition 12. 15l is that if || / * / ||oo is small, then 9ft/(l) 
is small by Lemma [2.141 and so || / * /||| is not very small by Corollary 12.121 whence 
11/ * /||oo is not small. If ||/ * / ||oo < 1.182778, then we get a contradiction. 

Proof. Let / be a pdf supported on [— ~, |], and assume that 

||/* /IU < 1.182778. (8) 

Set xi := 3?/(l). Since / is supported on [— |, |], we see that Xi > 0. By Lemma 0.141 

< xi < 0.4191447. (9) 
However, we already know from Corollary 12. 121 that 

11/ * /IU > 11/ * /lh >l + 2xf + (1.53890149 - 2.26425375X0 4 . (10) 

Routine calculus shows that there are no simultaneous solutions to the inequalities (jHJ, 
©, and JHJ. Therefore ||/ * /IU > 1.182778, whence Lemma ESI implies that 
A(e) > 0.591389e 2 . ■ 
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2.7 The Kernel Problem 

Let K be the class of functions K G L 2 satisfying K(x) > 1 on [— ~, |]. Proposition ^. 71 
suggests the problem of computing 



oo \ VP 



inf ||AT|| P = inf > \K{j)\ p 



Vi=-oo 



In Proposition 12.71 the case p — | arose, but using the Hausdorff- Young inequality 



in place of Parseval's identity we are led to consider 1 < p < ~. Also, we assumed 



in Proposition 12.71 that K was continuous, but this assumption can be removed by 
taking the pointwise limit of continuous functions. 

As similar problems occur in jCilleruelo et al. 2002| and in [Green 2001] . we feel it 



is worthwhile to detail the thoughts and experiments that led to the kernel functions 
chosen in Corollaries 12 . 81 and 12 . 1 21 

Our first observation is that if G G K, then so is K(x) := \{G(x) + G(— x)), and 
since (-ft'(j)l = |3?G(j)| < we know that \\K\\ P < \\G\\ P . Thus, we may restrict 

our attention to the even functions in K. 

We also observe that decays more rapidly if many derivatives of K are 

continuous. This suggests that we should restrict our attention to continuous K, 
perhaps even to infinitely differentiable K. However, computations suggest that the 
best functions K are continuous but not differentiable at x — j (see in particular 
Figure 01 below). 

In the argument of Proposition 12.71 we used the inequality J f < J fK, which is 
an equality if we take K to be equal to 1 on [— |, |], instead of merely at least 1. In 
light of this, we should not be surprised if the optimal functions in K. are exactly 1 
on [— |, |]. This is supported by our computations. 

Finally, we note that if Ki e K, and a, > with £\ a, = 1, then a^K^x) E K 
also. This is particularly useful with Ki(x) := 1. Specifically, given any K 2 G K 
with known H-R^Hp (we stipulate H-Kalli = -^(0) < 1 to avoid technicalities), we 
may easily compute the a G [0,1] for which \\K\\ P is minimized, where K(x) : = 
aKi(x) + (1 — a)K 2 (x). We have 

\\K\\* = (a + (1 - a)K 2 (0)) p + (1 - a) p i||^||^ = (1 - (1 - a)Mf + (1 - a) p N, (11) 

where we have set M := 1 — ^(0) and iV := xH^H^. Taking the derivative with 
respect to a, we obtain 



p(l-a) p - l [ M[- M) — N 



p-i 



the only root of which is a = 1 — M l^ q / P (where - + - = 1). It is straightforward 
(albeit tedious) to check by substituting a into the second derivative of the expres- 
sion (|11|) that this value of a yields a local maximum for ||if||p. The maximum value 

attained is then calculated to equal N(M q + N q ^ P Y p , which is easily computed from 
the known function K 2 . 
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Notice that when p = | (so q = 4), applying Proposition 12.71 with our optimal 
function K yields 



\\f*f\\l>\\*\\$ = 



-i /3 \- 3 M 4 + iv 3 (i-i: 2 (o)) 4 



tII^II 4 , 
1 n- fV Ik/3 



whereupon we recover the conclusion of Proposition 12. 1 ll with m — 1. 

Haar wavelets provide a convenient basis for £ 2 ([— §,§])■ We have numerically 
optimized the coefficients in various spaces of potential kernel functions K spanned by 
short sums of Haar wavelets to minimize Hif H4/3 within those spaces. The resulting 
functions are shown in Figure El This picture justifies restricting our attention to 
continuous functions that are constant on [—7, 7], and also implies that the optimal 
kernels are non-differentiable at ±|, indeed that their derivatives become unbounded 
near these points. 

For computational reasons, we further restrict attention to the class of contin- 
uous piecewise-linear even functions whose vertices all have abscissae with a given 
denominator. Let ((s, a) := Y2T=o(^ + a ) _S denote the Hurwitz zeta function. If v is 
a vector, define A p (v) to be the vector whose coordinates are the pth powers of the 
absolute values of the corresponding coordinates of v. 

Proposition 2.16. Let T be a positive integer, n a nonnegative integer, and p > 1 
a real number. For each integer < t < T, define x t := | + and let y t be an 
arbitrary real number, except that yo — 1. Let K(x) be the even function on T that is 
linear on [0, 7] and on each of the intervals [xt-i,Xt] (1 < t < T), satisfying K(0) = 1 
and K(xt) = yt (0 < t < T). Then 

n ||^|| p = (2A p (dA)-z) 1 / p , 

where d is the T-dimensional vector d = (yi — y , y 2 — y±, ■ ■ ■ , yr — Dt-i), A is the 
T x AT matrix whose (t, k)-th component is 

A t k = cos(27r(n + k — l)xt) — cos(27r(n + k — l)xt~i), 

and z is the AT -dimensional vector 

z = (8TttV(C(2 P , j T ), C(2p, ^), . . . , C(2p, i± ^ 1 )) ■ 



Proof. Note that 

K(—j) = K(j) = / K{u) cos(27tjm) du 
J -1/2 



•1/4 J_ px t 

(m t u + bt) cos(2Tiju) du, 



f ' r x t 
2 / cos(27T ju) + / ( 
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where m t and b t are the slope and y- intercept of the line going through {x t -i,yt-i) 

2-2 

and {xtiVt}- If we define C{j) := ^r~K(j), then integrating by parts we have 



C(j) 



T \2nj 



sin (2k ju) 



1/4^ 



2„'2 



+ 



7TJ 

T 



m t u + b t . . , 



T 

£ 

i=l 

T 

ir 2 j 2 ^ m t . 



at 



a:t-i , 



(12) 



The first term of this expression is 
— I sin (tt|) + ((m t x t + b t ) sin(27rjx t ) - (m t rE t _i + 6 t ) sin(27rjx 4 _i)) 



7TJ 

2T 



T-l 



sin (tt|) + 22(m t x t + b t ) sin(27rjx t ) - ^2(m t+1 x t + 6 t+ i) sin(27rjx 4 ; 



i=0 



Since m t+ ix t + b t +i — yt — rn t x t + b t and xq = |, xt = §, this entire expression is a 
telescoping sum whose value is zero. Eq. (fT^j) thus becomes 



2,'2 



7T J 



T ^(2ttj) : 



■ cos(27r/w) 



^2 ~ yt- 1 ") ( c °s(27rjx t ) - cos(27rjXi_i)) 



(13) 



t=i 



using m t = * t -x t " = ^T{yt — j/t— l) - Each x t is rational and can be written with 
denominator 4T, so we see that the sequence of normalized Fourier coefficients C(j) 
is periodic with period AT. 

We proceed to compute with n positive and p > 1. 



(.1 



K\ 



J2\K(J)\ P = 2J2\K(J)\ P = 2J2 

\j\>n 



2T 



f 2TV A |C(j)P 



2 ( ti-2 J ^2 j2p 



j=n 



Because of the periodicity of C(j), we may write this as 

/2T\ P / n+4T_1 



(n\\K\\ P ) P = 2 (-) £ \Cm P J2^Tr + , 

\ j=n r=0 



-2p 



2T 



(4T)V 



'n+iT-l 



\cu)n{2p^) 



(14) 



which concludes the proof. 
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Proposition 12.161 is useful in two ways. The first is that only d depends on 
the chosen values y t . That is, the vector z and the matrix A may be precomputed 
(assuming T is reasonably small), enabling us to compute n ||^|| p quickly enough as 
a function of d to numerically optimize the yt- The second use is through Eq. (jl4j) . 
For a given K, we set y t = K(x t ), whereupon C(j) is computed for each j using the 
formula in Eq. (|13|). Thus we can use Eq. (fTlj) to compute with arbitrary 

accuracy, where K\ is almost equal to K. We have found that with T = 10000 one 
can generally compute quickly. 

In performing these numerical optimizations, we have found that "good" kernels 
K(x) G K have a very negative slope at x = j + . See Figure El for example, where 
the U N = 2 J — 1" picture denotes the step function K for which ||i^||4/ 3 is minimal 
among all step functions whose discontinuities all lie within the set t^tW^- 

Viewing graphs of these numerically optimized kernels suggests that functions of 
the form 



! Ixl < ± 



4' 

(4(| -x)) dl ) d2 |<M<§, 



which have slope — oo at x = | + , may be very good. (Note that the graph of K^iix) 
between \ and | is the lower half of an ellipse.) More good candidates are functions 
of the form 

k ° m °> (x)= %^{w$)Y ?<m<i. 

where ei,e 2 , and e 3 are positive. We have used a function of the form K dl)d2 in the 
proof of Corollarv l2 . 1 21 and a function of the form K ei>e2fiz in the proof of Corollarv l2.8l 

2.8 A Lower Bound for A(e) around e = | 

We begin with a fundamental relationship between 9ff/(l) and 9ft/(2). 
Lemma 2.17. Let f be a pdf supported on [— ~, |]. T/ien 

2(K/(1)) 2 - 1 < »/(2) < 2(K/(1)) - 1. 

Proof. To prove the first inequality, set L&(x) = 6cos(27rx) — cos(47rx) (with b > 0) 
and observe that for — | < x < 4, we have L&(a;) < 1 + ^. Thus 



! + ¥> 



2 

/ /(x)L 6 (x) dx = fUW-j) = W(l) " 3^/(2)- 



i=-2 

Rearranging, we arrive at 3?/(2) > 6(5J/(1)) — 1 — y. Setting 6 = 4Mf(l), we find 
that »/(2) > 2(3?/(l)) 2 - 1. 

As for the second inequality, since L 2 (x) := 2 cos(27ra;) — cos(47ra) is at least 1 for 
— \ < x < 7, we have 

1 < / /(x)L(x) rfx = Hj)H-j) = 2(K/(1)) - K/(2). 

^ j=-2 
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Rearranging, we arrive at 3?/(2) < 2(3?/(l)) — 1. ■ 

From the inequality 3?/(2) < 23?/ (1) — 1 ( Lemma |2.17|) one easily computes that 
max{|/(l)|, |/(2)|} > |, and with Lemma 0.141 this gives 



9~ IT VII/*/Hc 

This yields ||/*/||oo > 1.11, a non-trivial bound. If one assumes that / is an nif 
supported on a subset of [— ~, |] with large measure, then one can do much better 
than Lemma 12.171 The following proposition establishes the lower bound on A(e) 
given in Theorem ll.2( iii) . 



Proposition 2.18. Let f be an nif supported on a subset of [—3,2] with measure 
e/2. Then 



||/*/||oo > 1.1092 + 0.176158e 

and consequently 

A(e) > 0.5546e 2 + 0.088079e 3 . 
In particular, A(|) > 0.14966. 

Proof. For e > |, this proposition is weaker than Lemma 12.11 and for e < | it is 
weaker than Proposition l2.15t so we restrict our attention to | < £ < |. 

Let b > —1 be a parameter and set Lb(x) := cos(47rx) — 6cos(27rx). If we define 
F := max{3?/(l), -»/(2)}, then 

J f{x)L b {x) dx = 3?/(2) - mf{l) > -{b + l)F 

on the one hand, and 

f(x)L b (x) dx < [ f sdT (x)L b sdT (x)dx= f' l £ L b sdr (x)dx 

J J-e/4 £ 

on the other, where L b sdr (x) is the symmetric decreasing rearrangement of L b (x) on 
the interval [— |, |]. Thus 

F > / L b sdl (x)dx. 



b+le 



b 

e/4 



The right-hand side may be computed explicitly as a function of e and b and then 
the value of b chosen in terms of e to maximize the resulting expression. One finds 
that for e < |, the optimal choice of b lies in the interval 2 < b < 4, and the resulting 
lower bound for F is 



3 cos(f ) + sin(f ) - ^3 + 4 cos(f ) + 2 cos(Tre) - sin(f ] 

F ^ 

ne cos( 2 ^) + 7re sin(^) 
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From Lemma \2. 141 we know that F 2 < ^*^ oc sin — ) • We compare these bounds 
on F to conclude the proof. Specifically, 

r- < MHO- sin (*) < 3 + (6 + 5^,)y./|U-f) 
vr VII/* /Hoc/ 5tt 12vr 

where the expression on the right-hand side of this equation is from the Taylor ex- 
pansion of ^ sin(^) at Xq — |, and 



> 



'3cos(f ) + sin(f ) - ^3 + 4 cos(f ) + 2 cos(Tre) - sin(f ) 
Tie cos(f ) + vre sin(f ) 

-8 (-3 - v / 2 + v / 3 + v^) 



7T 



(96 (-3- v/2 + v/3 + y/6) - 4 (9y/2 - lOy/3 + y/6) tt) (e-J) 

+ 3n 2 ' 

where the expression on the right-hand side is from the Taylor expansion of the 
middle expression at Eq = \. Comparing Eqs. (fTHjl and (fTH|) gives a lower bound on 
||/*/||oo, say ||/*/||oo > C1 + C2S with certain constants C\, cq,. It is easily checked that 
ci > 1.1092 and C2 > 0.176158, concluding the proof of the first asserted inequality. 
The second inequality then follows from Lemma f2. 61 ■ 



3 Upper Bounds for A(e) 

3.1 Inequalities Relating A(e) and R(g,n) 

A symmetric set consists of pairs (x,y) all with a fixed midpoint c = ^rp. If there 
are few pairs in E x E with a given sum 2c, then there will be no large symmetric 
subset of E with center c. We take advantage of the constructions of large integer 
sets whose pairwise sums repeat at most g times to construct large real subsets of 
[0, 1) with no large symmetric subsets. More precisely, a set S of integers is called a 
B*[g] set if for any given m there are at most g ordered pairs (s\, s?) G S x S with 
si + S2 = m. (In the case g = 2, these are better known as Sidon sets.) Define 

R{g,n) := max {151: S C {l,2,...,n}, S is a B*[g] set}. (17) 

Proposition 3.1. For any integers n > g > 1, we have A( R ^ 9 ' n ' ) < 
Proof. Let S C {1, 2, . . . , n} be a B*[gr] set with 15*1 = n). Define 

s — 1 s 



:= |J 



n n 



and note that A(S') C [0, 1] and that the measure of A(S) is exactly R(g,n)/n. Thus 
it suffices to show that the largest symmetric subset of A(S) has measure at most ~. 
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Notice that the set A(S) is a finite union of intervals, and so the function X(A(S) D 
(2c — A(S))\ which gives the measure of the largest symmetric subset of A(S) with 
center c, is piecewise linear. (Figure H] contains a typical example of the set A(S) 
portrayed in dark gray below the c-axis, together with the function A (A(S) fl (2c — 
A(S))) shown as the upper boundary of the light gray region above the c-axis, for S = 
{1, 2, 3, 5, 8, 13}.) Without loss of generality, therefore, we may restrict our attention 
to those symmetric subsets of A(S) whose center c is the midpoint of endpoints of 
any two intervals (^-, -)■ In other words, we may assume that 2nc G Z. 



\(A(S) n (2c - A(S))) 




Figure 4: A(S), and the function X(A(S) H (2c - A(S))), with S = {1, 2, 3, 5, 8, 13} 



Suppose u and v are elements of A(S) such that = c. Write u 



2 ' ' ' ' ' ' ' * " n 2n JrX 

and v = — — ^-+y for integers si, s 2 GS and real numbers x,y satisfying \x\, \y\ < 1 



In' 



(We may ignore the possibility that nu or nv is an integer, since this is a measure- zero 
event for any fixed c.) Then 2nc = n(u + v) = s± + S2 — 1 + n(x + y), and since 2nc, 
si, and S2 are all integers, we see that n(x + y) is also an integer. But \n(x + y)\ < 1, 
so x + y = and s\ + S2 = 2nc + 1. 

Since S is a -B*[g>] set, there are at most g solutions (si,s 2 ) to the equation 
Sx + s 2 = 2nc + 1. If it happens that S\ = s 2 , the interval (^^-, a ) (a set of 
measure -) is contributed to the symmetric subset with center c. Otherwise, the set 
2i) u £2.^ ^ a ge ^ Q f measure 2\ j g contributed to the symmetric subset 

with center c, but this counts for the two solutions (si, s 2 ) and (s 2 , In total, then, 
the largest symmetric subset having center c has measure at most -. This establishes 
the proposition. ■ 

Using Proposition 13. 1| we can translate lower bounds on A(e) into upper bounds 
on R(g,n), as in Corollary 13.21 

Corollary 3.2. If 5 < inf 0<£<1 A(e)/e 2 , then R(g,n) < 5~ l l 2 J~gn for alln> g> I. 



We remark that we may take 5 = 0.591389 by Theorem ll.2f ii). and so this 
corollary implies that R(g,n) < 1.30036y^n. This improves the previously-best 
bound on R(g,n) (given in [Green 2001| ) for g > 30 and n large. 
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Proof. Combining the hypothesized lower bound A(e) > 5e 2 with Proposition 13.11 
we find that 

n) \ 2 < A f R(g,n) \ < # 
\ n / — V n J ~ n 

which is equivalent to R(g,n) < b~ x l 2 Jg~n. ■ 
We have been unable to prove or disprove that 

lim lim *0. = ( inf ^Tf' 2 , 

g^oo n-*oo y/gn \0<e<l E J 

i.e., that Corollary 13 .21 is best possible as g — > oo. At any rate, for small g it is possible 
to do better by taking advantage of the shape of the set A(S) used in the proof of 
Proposition 13.11 This is the subject of the companion paper |Martin and Q'Bryant| 
of the authors. 

Proposition 13.11 provides a one-sided inequality linking A(e) and R(g,n). It will 
also be useful for us to prove a theoretical result showing that the problems of de- 
termining the asymptotics of the two functions are, in a weak sense, equivalent. In 
particular, the following proposition implies that the trivial lower bound A(e) > \e 2 
and the trivial upper bound R(g,n) < y/2gn are actually equivalent. Further, any 
nontrivial lower bound on A(e) gives a nontrivial upper bound on R(g,n), and vice 
versa. 

Proposition 3.3. A(e) = inf{f : n>g>l, > e} for all < e < 1. 

Proof. That A(e) is bounded above by the right-hand side follows immediately from 
Proposition 13. II and the fact that A is an increasing function. For the complementary 
inequality, let S C [0, 1) with \(S) = e. Basic Lebesgue measure theory tells us that 
given any rj > 0, there exists a finite union T of open intervals such that \(S®T) < r), 
and it is easily seen that T can be chosen to meet the following criteria: T C [0, 1), 
the endpoints of the finitely many intervals comprising T are rational, and A(T) > e. 
Choosing a common denominator n for the endpoints of the intervals comprising 
T, we may write T = \J meM f 22 ^-, —) (up to a finite set of points) for some set of 
integers M C {1, . . . , n}; most likely we have greatly increased the number of intervals 
comprising T by writing it in this manner, and M contains many consecutive integers. 
Let g be the maximal number of solutions (m 1 ,m 2 ) G M x M to mi + m 2 = k as 
k varies over all integers, so that M is a B*[g] set and thus \M\ < R(g,n) by the 
definition of R. It follows that e < A(T) = \M\/n < R(g,n)/n. Now T is exactly 
the set A(M) as defined in Eq. (fTHj) ; hence D(T) = - as we saw in the proof of 
Proposition 13.11 Therefore by Lemma f2 .41 

D{S) > D{T) -2ri = Z-2r]> inf{^ : n > g > 1, > e} - 2rj. 

Taking the infimum over appropriate sets S and noting that r] > was arbitrary, we 
derive the desired inequality A(e) > inf{^: n > g > 1, > e}. ■ 
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3.2 Probabilistic Constructions of B*[g] (mod n) Sets 

We begin by considering a modular version of B* [g] sets. A set S is a B* [g] (mod n) 
set if for any given m there are at most g ordered pairs (s±, S2) G S x S with si + 
S2 = m (mod n) (equivalently, if the coefficients of the least-degree representative of 
(^2 se s z s ) (mod z n — 1) are bounded by g). For example, the set {0,1,2,4} is a 
B* [3] (mod 7) set, and {0, 1, 3, 7} is a B* [2] (mod 12) set. Note that 7 + 7 = 1 + 1 
(mod 12), so that {0, 1, 3, 7} is not a "modular Sidon set" as defined by some authors, 
e.g., [Graham and Sloane 1980] or |Guy 1994| Problem CIO]. 



Just as we defined R(g,n) to be the largest possible cardinality of a B*[g] set 
contained in [0,n), we define C(g,n) to be the largest possible cardinality of a 
B*[g\ (mod n) set. The mnemonic is "R" for the Real problem and "C" for the 
Circular problem. We demonstrate the existence of large B*[g] (mod n) sets via a 
probabilistic construction in this section, and we give a similar probabilistic construc- 
tion of large B* [g] sets in Section 13.31 

We rely upon the following two lemmas, which are quantitative statements of the 
Central Limit Theorem. 

Lemma 3.4. Let pi, . . . ,p n be real numbers in the range [0, 1], and set p = (pi + 
■ ■ • + p n ) jn. Define mutually independent random variables Xi, . . . , X n such that Xi 
takes the value 1—pi with probability pi and the value —pi with probability 1—pi (so 
that the expectation of each Xi is zero), and define X — Xi + • — h X n . Then for any 
positive number a, 

Pr[x>a]<exp (^ + _^_) and Pr[ x<- a ]<exp(^). 



Proof. These assertions are Theorems A. 11 and A. 13 of Alon and Spencer 2000| . 



Lemma 3.5. Let pi, . . . ,p n be real numbers in the range [0, 1], and set E — p\ + 
■ ■ ■ + p n . Define mutually independent random variables Yi, . . . , Y n such that Yi takes 
the value 1 with probability pi and the value with probability 1 — p i} and define Y = 
Yi + - ■ - + Y n (so that the expectation ofY equals E). Then Pr[Y > E+a] < exp (-^-) 
for any real number < a < E/3, and Pr[Y < E — a] < exp (^fr) for any positive 
real number a. 



Proof. This follows immediately from Lemma f3.4l upon defining X{ = Yi—pi for each 

a 3 ^ a?_ 
2E 2 ^ 6E 



3 2 

i and noting that E = pn and that < fp under the assumption < a < E/3 



We now give the probabilistic construction of large B* [g] (mod n) sets. We write 
that / > g (and g < /) if liminf f/g is at least 1. 

Proposition 3.6. For every < e < 1, there is a sequence of ordered pairs (nj,gj) 
of positive integers such that c( - 9: " n: > ,> > £ and — < e 2 . 
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Proof. Let n be an odd integer. We define a random subset S of {1, . . . , n} as follows: 
for every 1 < % < n, let Yi be 1 with probability e and with probability 1 — e with 
the Yi mutually independent, and let S := {i: Yi = 1}. We see that \S\ = Y^=i ^ 
has expectation E = en. Setting a = \fen log 4, Lemma f3.5l gives 

Pr [\S\ < en- a/ en log 4 ] < i. 

Now for any integer /c, define the random variable 

R k ■= #{1 < c ,d<ra: c + d = k (mod n), Y" c = Y d = 1} 



E 



c+d=k (mod n) 



so that Rk is the number of representations of k (mod n) as the sum of two elements 
of S. Observe that Rk is the sum of n — 1 random variables taking the value 1 with 
probability e 2 and the value otherwise, plus one random variable (corresponding 
to c = d = 2" l k (mod n)) taking the value 1 with probability e and the value 
otherwise. Therefore the expectation of Rk is E = (n — l)e 2 + e. Setting a = 
y^3((n — l)e 2 + e) log2n, and noting that a < E/3 when n is sufficiently large in 
terms of e, Lemma f3.5l gives 

Pr [Rk >(n- l)e 2 + e + y/3((n - l)e 2 + 7) \og2n] < — 

_ ft 

for each 1 < k < n. 

The random set S is a B*[g] (mod n) set with |,S| > en — \J en log 4 and g < 
E + a = (n — l)e 2 + e + A/3((n — l)e 2 + i) log2n unless |>S| < en — log 4 or 
i?i > E + a or _R 2 > E + a or . . . or R 2n > E + a. For any events Aj, 



PrL4i or A 2 or . . . ] < V" Pr[A, 



and consequently, 



Pr [|5| < en — a/ en log 4 or i?i > + a or i? 2 > -E 1 + o or . . . or R,2n ^> E -\- cl\ 

< - + 2n < 1. 

2 2n 

Therefore, there exists a B*[g] (mod n) set 5* C {1, . . . ,n}, with g < E + a = 
(n- l)e 2 + e+ y/3((n - l)e 2 + e) log2n < e 2 n, with |,S| > en - y/en log 4 > en. This 
establishes the proposition. ■ 

Define Ax(e) to be the supremum of those real numbers 5 such that every subset 
of T with measure e has a subset with measure 5 that is fixed by a reflection t i— > c— i. 
The function Ax(e) stands in relation to C(g,n) as A(e) stands to R(g,n). However, 
it turns out that Ax is much easier to understand. 
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Corollary 3.7. Every subset ofT with measure e contains a symmetric subset with 
measure e 2 , and this is best possible for every e: 

A T (e) = e 2 

for allO < e< 1. 

Proof. In the proof of the trivial lower bound for A(e) fLemma 12. 2|) . we saw that 
every subset of [0, 1] with measure e contains a symmetric subset with measure at 
least \e 2 . The proof is easily modified to show that every subset of T with measure e 
contains a symmetric subset with measure e 2 . This shows that Aj(e) > e 2 for all e. 
On the other hand, the proof of Proposition 13.11 is also easily modified to show that 
Aj( c( ' 9 ' n ^ < -, as is the proof of Lemma f2. 51 to show that At is continuous. Then, 
by virtue of Proposition 13.61 and the monotonicity of At, we have Aj(e) < e 2 . ■ 



3.3 Probabilistic Constructions of B*[g] Sets 

We can use the probabilistic methods employed in Section 13.21 to construct large 
B*[g] sets in Z. The proof is more complicated because it is to our advantage to 
endow different integers with different probabilities of belonging to our random set. 
Although all of the constants in the proof could be made explicit, we are content with 
inequalities having error terms involving big-0 notation. 

Proposition 3.8. Let 7 > tt be a real number and n > 7 be an integer. There exists 
a B*[g] set S C {l,...,n}, where g = 7 + 0(y/jlogn), with \S\ > 2^^ + 0(7 + 
(Tn) 1 /*). 

Proof. Define mutually independent random variables Yk, taking only the values 
and 1, by 

'l 1 < k < 2 , 



Pr{Y k = 1} = p k := { yOI l<k<n, (19) 

k > n. 

(Notice that p k < ■uZ for all k > 1.) These random variables define a random subset 
S = {k: Yk = 1} of the integers from 1 to n. We shall show that, with positive 
probability, S is a large B*[g] set with g not much bigger than 7. 
The expected size of S is 

£0:= E^E 1+ Ei| 

l<j'<n 1<7<7/t 7/""<i<™ 

= 2 + f" \F^dt + 0(l) = 2*fi^-l + 0(l). (20) 

7 7 /^ V TT* V TT 7T 



If we set ao := y/2Eo log 3, then Lemma [3.51 tells us that 

Pr[|S|<£ -ao]<exp(^)=i 
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Now for any integer k G [7, 2n], let 



R k :— 2J ^j^-j 

l<i<n 



2 E 

l<j< k /2 



fe/2, 



the number of representations of k as k = si + S2 with si, S2 G S. (Here we adopt 
the convention that Y k /2 = Pk/2 = if k is odd). Notice that in this latter sum, Y k /2 
and the YjY k -j are mutually independent random variables taking only values and 
1, with ~Pr\YjYk-j = 1] = PjPk-j- Thus the expectation of R k is 



2 £ p jPk „ j + Pk/2 <2 J^j 

l<j<k/2 l<j<k/2 ' ^ 



7 



7t(k-j) 



+ 



7 



vrA;/2 



7T 



fc/2 



1 



/27 /27 

f (fc- i) * + Vi = 7+ Vs <7+1 

(21) 



using the inequalities < and > 7 



If we set a = y3(7 + 1) log3n, then Lemma [3.51 tells us that 

2 

Pr[R k > 7 + 1 + a] < Pi[R k > E k + a}< exp (gJ-J < exp ( 



3(7 + 1) 



1 

3n 



for every in the range 7 < < 2n. Note that R k < ^ trivially for k in the range 
1 < k < 7. Therefore, with probability at least 1 — | — {2n — 7)3^ = 3^ > 0, the set 
5 has at least E — a = 2^^+0(7 + (772) 1//4 ) elements and satisfies R k < 7 + 1 + a 
for all 1 < k < 2n. Setting g:= r y + l + a = r y + 0(^7 logn), we conclude that any 
such set 5* is a B*[g] set. This establishes the proposition. ■ 



Schinzel and Schmidt [Sc hinzel and Schmidt 2002] conjectured that among all 
pdfs supported on [0, ~], the function 



x G [0, |] 



otherwise 



has the property that ||/ * / ||oo is minimal. We have 



/ * fix) 



I — 2 arctan y/2x 




xe[o,\], 

otherwise 



and so ||/*/||oo = f ■ We have adapted the function / for our definition (fEIJ) of the 
probabilities p k ; the constant | appears as the value of the last integral in Eq. (]2"Tj) . 
If Schinzel's conjecture were false, then we could immediately incorporate any better 
function / into the proof of Proposition 13.81 and improve the lower bound on \S\. 
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Theorem 3.9. For any 5 > 0, we have R(g,n) > — 5)^J~gn if both and ~ 
are sufficiently large in terms of 5. 

Proof. In the proof of Proposition 13.81 we saw that 7 < g and g = 7 + 0(^7 log"-); 
this implies that 7 = g + 0(^g logn) = g(l + ^(v/^jp))- Therefore the size of the 
constructed set S* was at least 

2^ + 0(1 + (7^) 1/4 ) = 2^f (l + 0(y^f )) + 0( 9 + (gnf") 

= 2 v^( l+0 (\/¥ + v^))- 

This establishes the theorem. ■ 



3.4 Deriving the upper bounds 

In this section use the lower bounds on R(g,n) established in Section l3~3l into upper 
bounds for A(e). Our first proposition verifies the statement of Theorem II. 2( i). 

Proposition 3.10. A(e) = 2e - 1 for § < e < 1. 

Proof. We already proved in Lemma f2. II that A(e) > 2s — 1 for all < e < 1. Recall 
from Lemma 12*31 that the function A satisfies the Lipschitz condition | A(x) —A(y)\ < 
2\x — y\. Therefore to prove that A(e) < 2e — 1 for |g < e < 1, it suffices to prove 
simply that A (§) < |. 

For any positive integer g, it was shown by the authors M artin and O'Bryant 2006 
Theorem 2(vi)] that 

R(g, 3g - [g/3\ +l)>g + 2 [g/3\ + [g/6\ . 
We combine this with Proposition 13.11 and the monotonicity of A to see that 
g > A ( R(g,3g-lg/3\+l) \ >A fg + 2 [g/3\ + [g/6\ 



3g - [g/3\ + 1 " V 3g - [g/3\ +1 J ~ \ 3g - [g/3\ + 1 

Since A is continuous by Lemma \2. 51 we may take the limit of both sides as g — > 00 
to obtain A (||) < | as desired. ■ 

Remark. In light of the Lipschitz condition \ A(x) — A(y)\ < 2\x — y\, the lower bound 
A(e) > 2e — 1 for all < e < 1 also follows easily from the trivial value A(l) = 1. 

Proposition 3.11. The function is increasing on (0, 1]. 

Proof. The starting point of our proof is the inequality jMartin and O'Bryant 2 006, 
Theorem 2(v)] 

R(g,x)C(h,y) < R(gh,xy). 
With the monotonicity of A(e) and Proposition 13.11 this gives 

A / R(g,x)C(h,y) \ < A / R(gh,xy) \ < gh 
\ x y ) ~ \ xy ) ~ xy' 
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Choose < e < s . Let g^Xi be such that R ^ 9i,x ^ — » s and — — > A(e ), which is 



possible by Proposition 13.31 By Proposition 13.61 we ma y choose sequences of integers 
hj and va such that ^hjMil > and — < f— ) as ?' ^ oo. This implies 

g^g^M> £ and *A*< A(e(j) (iY 

•O //, " !J.j " V V 

so that, again using the monotonicity and continuity of A, 

A(e )4 > ^ > A ( R{9i ' Xi) C ( h *>vA > A(e) 
as j — ► oo. This shows that < A( '| ' > as desired. ■ 

E £ Q 

We can immediately deduce two nice consequences of this proposition. 
Corollary 3.12. lim £ ^ + exists. 

Proof. This follows from the fact that the function is increasing and bounded 
below by | on (0, 1] by the trivial lower bound fLemma 12. 2j) . ■ 

Corollary 3.13. A(e) < j^e 2 for < £ < §. 

Proof. This follows from the value A(j|J = | calculated in Proposition l3.1Ul and the 
fact that the function is increasing. ■ 

The corollary above proves part (iv) of Theorem 11.21 leaving only part (v) yet to 
be established. The following proposition finishes the proof of Theorem 11.21 

Proposition 3.14. ^ < (1+ JL_ )2 for all < e < 1. 



Proof. Define a := 1 — \/l — e, so that 2a — a 2 = e. If we set 7 = 7ra 2 n in the proof of 
Proposition EUl then the sets constructed are B*[g] sets with g = ira 2 n + 0(^n logn) 
and have size at least 



£ - a = 2 J^-H- - + 0(1 + oo) = (2a - a 2 )n + 0((7^) 1/4 ) = en + O(Vn) 

V 7T 7T 

from Eq. flUJ). 

Therefore, for these values of g and n, 

en + Q(^) 
v n v n ' 

as n goes to infinity, by the continuity of A. On the other hand, we see by Proposi- 
tion EH] that 



jw j^g^ j < £ 7ra 2 ra + 0(v/nTogn) 



n ' e 2 n e 2 n 



7ra 2 ^/ \ogn\ 7T 7T 



(2a -a 2 ) 2 VV e 2 n / (2 -a) 2 v ' (1 + v ^7)2 

es to infinit 

desired. 



as n goes to infinity. Combining these two inequalities yields < ( ^ 1+ J 1 _ £ y l! as 
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4 Some Remaining Questions 



We group the problems in this section into three categories, although some problems 
do not fit clearly into any of the categories and others fit into more than one. 

4.1 Properties of the Function A(e) 

The first open problem on the list must of course be the exact determination of A(e) 
for all values < e < 1. In the course of our investigations, we have come to believe 
the following assertion. 

Conjecture 4.1. A(e) = max{2e - 1, \e 2 } for all <e < 1. 

Notice that the upper bounds given in Theorem 11.21 are not too far from this 
conjecture, the difference between the constants = 0.79339 and | = 0.78540 in the 
middle range for e being the only discrepancy. In fact, we believe it might be possible 
to prove that the expression in Conjecture 14.11 is indeed an upper bound for A(e) 
by a more refined application of the probabilistic method employed in Section 13.31 
The key would be to show that the various events Rf. > 7 + 1 + a are more or less 
independent of one another (as it stands we have to assume the worst — that they 
are all mutually exclusive — in obtaining our bound for the probability of obtaining a 
"bad" set). 

There are some intermediate qualitative results about the function A(e) that 
might be easier to resolve. It seems likely that A(e) is convex, for example, but we 
have not been able to prove this. A first step towards clarifying the nature of A(e) 
might be to prove that 

\A(x)-A(y)\ r . 

^— V ^ < maxix, y}. 

\x - y\ 

Also, we would not be surprised to see accomplished an exact computation of A(|), 
but we have been unable to make this computation ourselves. We do at least obtain 
A(|) > 0.14966 in Proposition 12.181 Note that Conjecture 14.11 would imply that 
A(§) = § = 0.19635. 

We do not believe that there is always a set with measure e whose largest sym- 
metric subset has measure precisely A(e). In fact, we do not believe that there is a set 
with measure Eq := inf{e: A(e) = 2s — 1} whose largest symmetric subset has mea- 
sure A(e ), but we do not even know the value of e . In Proposition 13. 101 we showed 
that Eq < y|, but this was found by rather limited computations and is unlikely to 
be sharp. The quantity ^ in Theorem ll.2f iv) is of the form 2e °^~ , and thus any 

improvement in the bound Eo < Q would immediately result in an improvement to 
Theorem II. 2f iv). We remark that Con i ecture 14. II implies that Eq = 2+ = 0.68341, 

which in turn would allow us to replace the constant yj|- = 0.79339 in Theorem ll.2f iv) 
by f = 0.78540. 
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4.2 Artifacts of our Proof 



Let K be the class of functions K e L (T) satisfying > 1 on [—7,7]- How 

small can we make \\K\\ P for 1 < p < 2? We are especially interested in p = |, but a 
solution for any p may be enlightening. 

To give some perspective to this problem, note that a trivial upper bound for 
infxeK \\K \\ p can be found by taking K to be identically equal to 1, which yields 
\\K\\ P = 1. One can find functions that improve upon this trivial choice; for example, 
the function K defined in Eq. (JHJ is an example where ||^||4/3 = 0.96585. On the other 
hand, since the £ p -norm of a sequence is a decreasing function of p, Parseval's identity 
immediately gives us the lower bound \\K\\ P > \\K\\ 2 = \\K\\ 2 > ( J 1 ^ l 2 dt) 1/2 = 

= 0.70711, and of course is the exact minimum for p = 2. 

We remark that Proposition 12.71 and the function b(x) defined after the proof of 
Corollary 12.81 provide a stronger lower bound for 1 < p < ~. By direct computation 

we have 1.14939 > ||&*&||f> an d by Proposition 12. 71 we have > 1 1 -^"11 4/3 f° r an y 

K G K. Together these imply that > ||-K"||4/3 > 0.96579. In particular, for p = | 

we know the value of inf^eK 1 1 K\\ 4/3 to within one part in ten thousand. The problem 
of determining the actual infimum for 1 < p < 2 seems quite mysterious. We remark 
that Green |Green 2001j considered the discrete version of a similar optimization 
problem, namely the minimization of \\K\\ P over all pdfs K supported on [— |, |]. 

As mentioned at the end of Section l2~!fl we used the inequality \\g\\\ < HglloolMli 
which is exact when g takes on one non-zero value, i.e., when g is an nif. We apply 
this inequality when g — f * f with / supported on an interval of length |, which 
usually looks very different from an nif. In this circumstance, the inequality does 
not seem to be best possible, although the corresponding inequality in the exponen- 
tial sums approach of |Cilleruelo et al. 2002j and in the discrete Fourier approach of 
|Green 2001j clearly is best possible. Specifically, we ask for a lower bound on 

inf ||/*/IUI/*/||i 



/:R^R> ||/* /|| 



2 



that is strictly greater than 1. We know that this infimum is at most lo ^ 16 = 1.1331, 
and in fact Conjecture 12.91 would imply that the infimum is exactly lo ^ 16 . 

4.3 The Analogous Problem for Other Sets 

More generally, for any subset E of an abelian group endowed with a measure, we 
can define A E (e) := mf{D(A): ACE, X(A) = e}, where D(A) is defined in the 
same way as in Eq. (J2J). For example, A[o,i](e) is the function A(e) we have been 
considering throughout this paper, and Aj(e) was considered in Section l3~2l 

Most of the work in this paper generalizes easily from E = [0, 1] to E = [0, Vf. We 
have had difficulties, however, in finding good kernel functions in higher dimensions. 
That is, we need functions K{x) such that 
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is as small as possible, while K(x) > 1 if all components of x are less than | in absolute 
value. This restricts K on one-half of the space in 1 dimension, one-quarter of the 
space in 2 dimensions, and only 2~ d of the space in d dimensions. For this reason one 
might expect that better kernels exist in higher dimensions, but the computational 
difficulties have prevented us from finding them. 
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